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Abstract 

A Feynman-Kac type formula of relativistic Schrodinger operators with unbounded 
vector potential and spin 1/2 is given in terms of a three-component process con- 
sisting of Brownian motion, a Poisson process and a subordinator. This formula is 
obtained for unbounded magnetic fields and magnetic field with zeros. From this 
formula an energy comparison inequality is derived. Spatial decay of bound states 
is established separately for growing and decaying potentials by using martingale 
methods. 
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1 Introduction 



In the paper [HIL09j we constructed a Feynman-Kac formula for a generalized Schrodinger 
operator with spin of the form 

y(h(a,a)) + V. (1.1) 

Here V is a real-valued external potential, \I/ is an arbitrary Bernstein function with 
\l/(0) = 0, and h is a Schrodinger-type operator of the form 

h(a,a) = ^(a-(p-a)) 2 , (1.2) 

including a vector potential a = (a±, 0,2,(13) describing a magnetic field, and the Pauli 
matrices a = (01, cr 2 , cr 3 ) describing spin 1/2. As we have shown, the Feynman-Kac 
representation of ( II. ip involves three independent stochastic processes, Brownian motion, 
a Poisson process and a subordinator. Moreover, spin 1/2 was also extended to higher 
spins in |HIL09j . see also |ARS91] . 

In this paper we consider a functional integral representation of the strongly continuous 
one-parameter semigroup generated by the relativistic Schrodinger operator with spin 1/2 
in three-dimensional space, 

V V • (p - a)) 2 + m? - m + V. (1.3) 

Here m is the mass of the relativistic particle, which we regard as a parameter. This 
Hamilton operator is a special case of (11. ip obtained by choosing 

\&(u) = V2u + m 2 - m, m > 0. (1.4) 

In this case we have the ^-stable subordinator about which more details are known than 
about subordinators related to a general Using this extra information, our main goal 
in this paper is to prove a Feynman-Kac-type formula for (11.31) under weaker conditions 
than needed for general and use it to derive the fall-off properties of bound states. In 
particular, in contrast to [HIL09] we can cover unbounded magnetic fields in Theorem 13.61 
and magnetic fields with zeros in Theorem 13.81 

This paper is organized as follows. Section 2 is devoted to introducing the relativistic 
Schrodinger operator with spin 1/2 as a self-adjoint operator on C 2 ®L 2 (M 3 ) and a unitary 
equivalent representation on L 2 (M 3 x Z2). In Section 3.1 we reassess results in |HIL09] 
and give a Feynman-Kac formula with bounded magnetic fields. In Section 3.2 we prove 
a Feynman-Kac formula for unbounded magnetic fields, and in Section 3.3 for magnetic 
fields having zeros. In Section 4 we derive the decay properties of bound states separately 
for growing and decaying potentials by using martingale methods. 
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2 Relativistic Schrodinger operator with spin 1/2 



2.1 Definitions 

We begin by denning the self-adjoint operator h(a, a) and ^2h(a, a) + m 2 — m + V 
rigorously. 

The spinless Schrodinger operator h with vector potential a and zero external poten- 
tial is defined as a self-adjoint operator on L 2 (R 3 ). Let D M = p^ — a M , where p M = — id x 
is the generalized differential operator. Define the quadratic form q by 

1 3 

H\R 3 ) x H\R 3 ) 3 (f,g) h- g(/,</) = -^(D^D^), (2.1) 

where tf 1 ^ 3 ) = {/ G L 2 (R 3 ) \ DJ G L 2 (M 3 ), = 1,2,3}. If a G (Lj^M 3 )) 3 , then 
the quadratic form q is non-negative and closed, and hence there exists a unique self- 
adjoint operator h satisfying (h f,g) = q(f,g), for / G D(h ) and g G H 1 , where 
D(ho) = {f G Q(g) | g(/, ■) G L 2 (M 3 )'}. Let C^°(IR 3 ) = be the set of infinitely many 
times differentiable functions with compact support on R 3 . It can be seen that is a 
form core for ho under the assumption a G (L 2 oc (M 3 )) 3 , see |LS81j . 

Next we introduce a magnetic field b = (b±, 62, ^3)- Physically it is given by b = V x a, 
however, in this paper we regard the magnetic field b independent of the vector potential 
a. We will use the following conditions on the vector potential a. 

Assumption 2.1 (Vector potential) The vector potential a = (01,02,03) is a vector- 
valued function whose components a^, \x = 1,2,3, are real-valued functions such that 
a G (L 2 oc (IR 3 )) 3 and V • a G /^(IR 3 ), where V • a is understood in distributional sense. 

Assumption 2.2 (Magnetic field) Suppose that D(—A) C D(b^) and for f G D(—A) 

the conditions < — + ac!J|/||, A 4 = 1, 2, 3, and k\ + K2 + ^3 < 1 o,re satisfied. 

Finally we introduce the spin variables. Let a = (<7i, (T2, 03) be the 2x2 Pauli matrices 
given by 






f 




-i 




"1 " 


1 







i 


, 0-3 = 


-1 



They satisfy the relations o^a v + o^o^ = 25^ u l and a^a u = iY^\=i £ ^ IJ,v °~>>-> where e XfJ,l/ is 
the anti-symmetric Levi-Civita tensor with e 123 = 1. Then it can be seen directly that 

3 

a ®b = ®b il = 



63 b x - ib 2 
61 + 6 2 -63 
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Under Assumption 12.1 1 a (g) b is relatively bounded with respect to 1 ® 2/io, as an operator 
in C 2 £g> L 2 (M 3 ), with a relative bound strictly smaller than 1, 

|| (a ® 6)/|| < («! + k 2 + « 3 )||1 ® 2/i /|| + C\\fl feC 2 ® D{h). (2.2) 

This follows through the diamagnetic inequality |(/, e~ th °g)\ < (|/|, e _ ^ _ 2 A )|<jr|) under 
Assumption 12.11 Thus the self-adjoint operator 

h = l®h -\y ®b (2.3) 

in C 2 <8> L 2 (M 3 ) is bounded from below under Assumptions 12. ll and 12.21 We choose m so 
as to guarantee that 

2h + m 2 = 1 <g> 2h - a ®> b + m 2 > 0. 

Note that under a suitable condition h is positive, and in this case we can take m = 0. 
From now on we omit the tensor product ® for notational convenience. 
We now define the self-adjoint operator H. 

Definition 2.3 Under Assumptions 12. ll and 12.21 H is defined by the self-adjoint operator 

H = V2h + m 2 -m (2.4) 

in C 2 ® L 2 (IR 3 ). Here the square root is taken through the spectral resolution of 2h + m 2 . 

An example is the operator a/(c ■ (p — a)) 2 + m 2 — m such that a e (Lf oc (M 3 )) 3 , V ■ a e 
L 2 oc (M 3 ) and V x a e (L 2 oc (M 3 )) 3 . In this case it is seen that 

(a ■ (p — a)) 2 = (p - a) 2 + a ■ (V x a) 

on l<g)C °°(R 3 ). 

2.2 Spin variable 

In order to construct a functional integral representation of (/, e~^ H+v ^g) we make a 
unitary transform of H on C 2 <8> L 2 (M 3 ) to an operator on the space L 2 (M 3 x Z 2 ). This 
is a space of L 2 -functions of i 6 R 3 and an additional two- valued spin variable 9 e Z 2 , 
where 

Z 2 = {-1,1}. (2.5) 
We define the spin interaction U on L 2 (M 3 x Z 2 ) by 

U : f(x, 9) ^ U d (x, 9) fix, 9) + U od (x, -9)f(x, -9) (2.6) 

where (x, 9) e R 3 x Z 2 , 

U d (x,6) = ~6b 3 (x) (2.7) 
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is the diagonal component, and 

U od (x, -6) = ~{b x {x) - i6b 2 {x)) (2.8) 
is the off-diagonal component. Let 

hz 2 = h + U. (2.9) 

Under Assumption 12.21 U is symmetric, relatively bounded with respect to ho with relative 
bound strictly smaller than 1 so that hz 2 and h are unitary equivalent, 

hz 2 = h (2.10) 

as seen below. Define the unitary operator F : L 2 (M 3 x Z 2 ) — > C 2 (g> L 2 (IR 3 ) by 



/(•,+!)' 
/(-,-!) 



(2.11) 



Also, define r M = F l a^F. We see that n : f(x,9) ^ f(x,—8), r 2 : f(x,8) i-> 
-i0/(z, -0) and r 3 : /(x, 0) i-» 0/(x, 0). 

Definition 2.4 Let Assumptions 12. l l and 12.21 hold. Then i?z 2 is defined by 



= V2/*z 2 + m 2 - m. (2.12) 

In what follows instead of H we study H% 2 , and write if (resp. h) instead of H% 2 (resp. 
hz 2 ). 

2.3 Three independent stochastic processes 

In order to construct a path integral representation we will need three independent 
stochastic processes (B t )t>o, (N t )t>o and (T t )t>o which we introduce next. 

Let (B t )t>o be three-dimensional Brownian motion on a probability space (Qp, J^p, P x ) 
with initial point P X (B — x) — 1. 

Secondly, let (N t )t>o be a Poisson process on a probability space (Q N , ,^ N , fi) with 
unit intensity, i.e., 

t n 

li(N t = n) = — e~\ nGNU{0}. 
n! 

We define integrals with respect to this process in terms of the sum of evaluations at 
jumping times, i.e., for g we write 



j + g(s,N a J)dN a = 9 



r, N r _ 



a<r<b 
N r+ ^N r _ 



Associated to the Poisson process we also define a Z 2 - valued stochastic process (&t)t>o on 
(Q N ,^ N ,fi) by 

t = (~l) Nt - (2.13) 

Finally, let (T t ) t > denote the subordinator on a given probability space (Q u , JP V , v) 
defined by its Laplace transform 

E u [e~ TtU ] = exp (-t (y/2u + m 2 -mj} . (2.14) 

Note that (T t )t>o is a one- dimensional Levy process with right continuous paths with 
left limits, almost surely non-decreasing. It can be more explicitly described as the first 
hitting time process 

T t = inf{s >0\Bl + ms = t}, 

where (Bl) t > is a one-dimensional Brownian motion independent of the three-dimensional 
Brownian motion B t above. We denote expectation with respect to any of these probabil- 
ity measures by indicating the measure in subscript and the starting point in superscript, 
and use the shorthand E X P E*E° U = E x ' a '°. 

The role of these three stochastic processes is as follows. Clearly, the Schrodinger oper- 
ator — ^A + V generates an Ito process which can be described using the Brownian motion 
(B t )t>o under V. The Poisson process (N t )t>o results from the Schrodinger operator with 
spin. Finally, the subordinator (T t )t>o apppears due to the relativistic Schrodinger opera- 
tor which generates a Levy process. A particular combination of these three independent 
stochastic processes then yields the path integral representation of e~ t( - H+v ^ which we will 
discuss below. 

2.4 Generator of Markov process 

Consider the R 3 x Z 2 -valued joint Brownian and jump process 

) = ^H.^WjDgR 3 x z 2 
with initial value X$. The generator of this Markov process is |HIL09] 

G = ~A + <7 F + 1, (2.15) 

where <tf is the fermionic harmonic oscillator defined in terms of the Pauli matrices by 

°f = 7^(0-3 + ^(a-i - ia 2 ) - 1 = -<j 1 . 

Note that inf Spec(Go) = 0. 
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In the relativistic case, the subordinator explained above appears in addition to this. 
We define the subordinate process (qt)t>o in terms of the M. 3 x Z 2 -valued stochastic process 

tt P x Q N x Vt u 3 (u),u)x,u) 2 ) H> q t (u,u 1 ,u 2 ) = (B Tt{u)2) (u),9 Tt{u)2 )(uji)) G R 3 x Z 2 . 

In a similar manner to (X t )t>o, we can identify the generator of (qt)t>o- 

Proposition 2.5 The generator of the Markov process (qt)t>o is 

G = V-A + 2a F + 2 + m? - m (2.16) 

and zts characteristic function is given by 

E 0,0,0[ e i3«] = E 0,0,0[ e iiBr te i«fci] = e ~((^W-m) C OS 2 + j e -*(^+4W-™) sin 2 (2.17) 

for Z = (£, z) G K 3 x R. 

Proof. This is obtained through the equalities 



E 

a=l,2 



dxE 



x.o.O 



f(Qo)9(Qt 



E 



E 



f(qo)g(qt 



dxE x ' a 

a=l,2 J ** 

E°[(f,e- T ^ A ^^g)] = (f,e- tG g). 



Hence it follows that (I2.16P is the generator of (qt)t>o, while (12. 1 7[) is straightforward. 

qed 



3 Feynman-Kac-type representations 
3.1 Bounded magnetic field 



In this subsection we briefly discuss some results established in |HIL09] obtained for a 
general version of the relativistic Schrodinger operator with spin and bounded magnetic 
field. Write 

W(x) = iy/b^xy + hix) 2 , (3.1) 



and notice that \U Q d(x 



W{x). 



Proposition 3.1 (Feynman-Kac formula: bounded magnetic field) Let Assump- 
tion \2.1\ hold and assume that 6 M G L°° for fi = 1,2,3. Let V be relatively bounded with 
respect to ■y— A + m? with a relative bound strictly smaller than 1. Assume, furthermore, 
that 

? x,0 



E 



Pxu 



hgW(B s )\ds 



< oo, a.e. x G 



(3.2) 
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Then H + V is self-adjoint on D(H) and 

(/, e-« B+v >g) = [ dxW<# \e T *J(^jg(q t )e y ] , (3.3) 



where the exponent 5? = S^y + J?a + ^ s given by 



- I V{B Ta )ds 







y A = -i f 1 a(B s ) o dB S) 
Jo 

S% = - f* U d (B s , 9 s )ds + f t+ log {-U^B,, -0 a _)) dN s . 
Jo Jo 

PROOF. Since \\Vf\\ < K\\y/—A + m 2 f\\ + K,'\\f\\ with constants k < 1 and and 
is bounded, we have \\Vf\\ < K\\Hf\\ + C||/|| with a constant C. Hence self-adjointness 
follows by the Kato-Rellich theorem. (13.31) follows from |HIL09l Theorem 5.9]. qed 

A Feynman-Kac formula without spin is an immediate corollary. This was first es- 
tablished in |CMS90j without a vector potential; we give a version including a vector 
potential. Let 

#spiniess = s/ho + m 2 - m. (3.4) 



Corollary 3.2 Let Assumption \2.1\ hold, and assume that V — V+ — V- satisfies that 
V + G Lj oc (R 3 ) and V_ is relatively form bounded with respect to ^/ —A + m 2 with relative 
bound strictly less than 1. Then 



(f, e _i ^ s P inlcss + v +- v -^g) - 
In particular, when a = 0, 

ff e -t{V-A+m 2 -m + V+ - v -)g^ 



dxE 



x,0 
Pxv 



f(B )g(B Tt )e 



dxE 



x,0 
Pxu 



f(X )g(X t )e 



-tiV(X s )ds 



(3.5) 



(3.6) 



By Corollary 13.21 we have the following energy comparison inequality. Let 



Hq = V—A + m 2 — m. 



(3.7) 



Corollary 3.3 Under the assumptions of Corollaru \3.2\ we have 

(1) |(/, e -*(*WesB + V + -V-)^| < (\f^ e -t(H + V + -V-)\ g ^ 

(2) infSpec(flo-f-y + -y_) <infSpec(F spinless + F + -T/_). 
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3.2 Unbounded magnetic field 

We extend the Feynman-Kac formula above (Proposition 13.11) to the case of magnetic 
fields b that are possibly unbounded and satisfy Assumption 12.21 This extension is not 
straightforward, and we need several lemmas. 
Define the truncated magnetic field by 

f b^x) if \b»{x)\<N 
bf\ x ) = I N if b^x) > N 
{ -N if b^x) < -N. 

Then the Feynman-Kac formula for the Hamiltonian with the truncated magnetic field is 
readily given by Proposition 13.11 in which b is replaced by b^ . Let be defined by H 
with b replaced by b^ N \ 

Lemma 3.4 Under Assumptions \2. 1\ and \2.2\ the semigroup e~ tHN is strongly convergent 
to e~ tH as N — > oo. 

Proof. Let be h with b replaced by b^ N \ We see that — > h as N — > oo on the 
common domain D(h n ) = D(h). Then e~ thN — > e~ th strongly as N — > oo. Thus it is 
immediate to see that 

(/, e- m »g) = E„[(/, e- T ^g)] E,[(/, e^g)} = (/, e~ tH g), (3.8) 

which implies strong convergence. qed 

Lemma 3.5 Let f,g G L 2 (M 3 x Z 2 ), and set 

p = f(q )g(q t )e^ t kl^^e^ logW{Ba)ds e Tt . 
Then under Assumption \2.2\ it follows that Yl a =i 2 Jrs ^E x ' Q,0 [|p|] < 00. 
Proof. Define the spin operator \U\ and \U\n by 

\U\ : f(x,9) ^ -±\b 3 (x)\f(x,6) - W(x)f{x,-9), (3.9) 
: f(x,0) H- -^ } (x)l/W) - WW(x)/(x,-5), (3.10) 

where is with 6 replaced by b^ N \ and define 

# = v^-A + 2\U\ +m 2 -m. (3.11) 
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Also, we define Hn by H with \U\ replaced by \U\m- Let f,g G L 2 (IR 3 ) be non-negative. 
For if 7v we have the Feynman-Kac formula 



(/,e"*S)= £ 



0=1,2 



ie,q,0 



e lt f{qo)9(qt)e y ^ 



(3.12) 



where 



^= [ t ~\€\B s )\ds+ [ U \ogW^ N \B s )dN s . (3.13) 

By the monotone convergence theorem for forms we see that e~^ _A+2 ' f/ ' iV ^ — > e _t(_A+2 ' c/ '' ) 
strongly as N — > 00, and thus e~ tHN — > e~ tH strongly as N —> 00 is shown in the same 
way as ( 13.81) . Then the monotone convergence theorem for integrals implies that p is 
integrable and the Feynman-Kac formula A3. 12[) with replaced by b also holds, qed 

Now we can state the first main theorem. 

Theorem 3.6 (Feynman-Kac formula: unbounded magnetic field) Let Assump- 
tions \2.I\ and \2.2\ as well as condition A3. 2\) hold, and suppose that V is relatively bounded 
with respect to ^/—A + m 2 with a relative bound strictly less than 1. Then H + V is 
self-adjoint on D(H) and 



"Tt 



(f,e 



-t(H+V) 



Q=l,2 



dxE x ' a '° 



e Tt f{qo)g(qt)e 



(3.14) 



Proof. We divide the proof in five steps. 

Step 1 : Suppose that V = 0. Then the theorem holds. 

Proof: Recall that if/v is defined by H with b replaced by b^ N \ Then the Feynman-Kac 
formula holds with *5*s replaced by =5^, where 5P§ is defined by J?s with b replaced by 

b (N). 

(f,e- tH -g)=T [ dxE*> a >°\e T *J(frjg(q t )e^ N+ ^]. (3.15) 

a=l,2 J ® 3 1 J 

The left hand side above converges to (/, e~ tH g) as N — >■ 00 by Lemma \3. 41 On the other 
hand, we have 



e Tt \f(qo)g(qt)\\e^ N ^\ < e T *|/( go )^(^)|e^ ll^(^)l^ e /o Tt iog W (B s )^ 



so that the right hand side of (I3.15P is integrable by Lemma |33| and therefore the Lebesgue 
dominated convergence theorem yields 



lim > 

iV-s-oo z — ' 



o=l,2 



dxE x 



x,a,0 



e T *f(q ) 9 (qt)e^ + ^ 



o=l,2 



/ dxE'«° [e T <f(qo)9(qt)e y s +yA ] . 
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Hence the theorem follows for V = 0. 

Step 2: V is relatively bounded with respect to H with relative bound strictly smaller 
than 1. In particular, H + V is self-adjoint on D(H). 

Proof: Let b = (y/bf + fef, 0, 6 3 ) and iifo be defined by if with a = and 6 replaced by 
&o, i-e., ii& = \/—A + er ■ b + m 2 — m. Set cr • 6 = [/" 6o . Then we have 



l|V-A + m 2 /|| 2 = \\(H b0 + m)f\\ 2 + (/, -U b J). 



Since |(/,C/ 6o /)| < k'||/|| 2 with a constant k', and ||V/|| < k|| \/-A + m 2 f\\ + «"||/|| with 
constants k < 1 and k", we have ||V/|| < A||i?b /|| + C||/|| with some C and A < 1. 
From the Feynman-Kac formula established in Step 1 the diamagnetic inequality, 

|(/,e-^)|<(|/|,e-^o|^|) (3.16) 
follows. From ( 13161) we have ||#6 /ll < + c||/||, and thus 

||y/||<A||F/|| + C"||/|| 

with a constant C. Hence self-adjointness follows by the Kato-Rellich theorem. 
Step 3: Suppose V G L°°(R 3 ) n C(R 3 ). Then the statement holds. 

Proof: By the Trotter product formula and the Markov property of (qt)t>o we have that 
(f,e-« H+v )g) = lim (/, ( e ~^ H e -^ v ) n g) 

= [ rfxE^°[e T 7(go)^(g*)e^ E - l(Vri)y( ^/" ) e^ + ^" . 

a=l,2 ^ J 

Note that s y V(Bt s ) is continuous in s G [0,t] except for at most finitely many points. 
Thus 



J2(t/n)V(B Ttj/nioJ2) (co)) n ^°- / V{B Ts[W2) 



[uj))ds 



for almost every (w,^) G fip x Q u as a Riemann integral. Then the theorem follows for 
V G L°°(M 3 ) nC(M 3 ). 

5iep 4 : Suppose V G L°°(R 3 ). Then the statement holds. 

Proof: Let V n = 4>(-/n)(V*j n ), where j n (x) = n 3 (f)(xn) with G such that < < 1, 
J R3 <ft(x)dx = 1 and 0(0) = 1. Then V n (x) — » V(x)for x ^ o/T, where <yK is a set of 
Lebesgue measure zero. Notice that 

Ef xu [i,AB Ts )] = [ iAx + y)P.(v)dy = o 

JR3 
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for x G j¥ , where 



PJx) 



m 



V 



K 2 (rri\/\x\ 2 + s' 



,2nJ s 2 + |x| 2 

is the distribution of the random variable Bt b and K 2 (x 
modified Bessel function of the third kind. Hence 

-t 



is the 



0= f E e > [l J r(B T .)]ds = E t > f ljy{Br.)dt 
Jo Uo 



Then the Lebesgue measure of {s G [0, oo) | B Tg ^ 2 )(u) G .jV} is zero for almost every path 
(u>,ui 2 ) G fip x VL V . Therefore J^V n {B Ta )ds — > J^V{B Ts )ds as n — > oo for almost every 
path (u,u 2 ) G VL p x Vt u . Moreover, 



E 

o=l,2, 



n— >oo 



E 



0=1,2, 



dxE 



iE,a,0 



On the other hand, e — >■ e l ( H+v ) strongly as n — > 00, since H + V n converges to 
H + V on the common domain D(H). Then the theorem follows for V G L°°(IR 3 ). 

5iep 5: We complete the proof of Theorem 13.61 Let V = V + — VI and V mn = V +m — V- n , 
with V+, V_ denoting the positive and negative parts of V, respectively, and V +m (x) = 
V + (x) if V + {x) < m, and V+(x) = m if V+(x) > m, similarly VL n (:z;) = V-(x) if VI (x) < n 
and VI (2) = n if VI (2) > n. Then by the monotone convergence theorem for forms, we 
have e~^ H+Vmn ^ strongly converges to e~ t( - H+Vrnoo > as n — > 00, and furthermore e~*^ +ymcx1 ^ 
strongly converges to e~ t( - H+v ^ as m — > 00. Hence 

lim hm e-^™' = e"^^. 

m— >oo n— >oo 

On the other hand, by the monotone convergence theorem for integrals the right hand 
side converges. This completes the proof of the theorem. qed 



3.3 Magnetic field with zeros 

Next we consider the case when the off-diagonal component U ^(x,9) vanishes for some 
x G K 3 . In this case it is not clear whether j Q | log W(B s )\dN 8 < 00 holds almost surely. 
An example when this is not the case is obtained by choosing b G (C^°) 3 . 
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Let 

for zfC and write 

X e{z) = z + e6 e {z), zeC. (3.17) 

We see that 

\ X e(U od (x,9))\>e, (x,9)eR 3 xZ 2 . 
Define h £ by h with the off-diagonal part replaced by Xe (U d(x, 9)), i.e., 

hj(x, 9) = (ho + U d (x, 9)) f(x, 9) + X s (U od (x, 9)) f(x, -9), (x, 9)eR 3 x Z 2 . 

Also, define H £ by H with U od replaced by Xe (U d( x , 9)). 

We note that for every (x, to, Wi, ujz) G R 3 x Q P x f2jv x &>u, there exists a number 
n = 7z(cui , 002) and random jump times ri(wi), . . . , r n (u;i) of s y N s for < s < T t (u)2) 
such that 

/ log W(x + 5 a (o;))diV fl = ^ logiy(x + J B rjK) (a;)). 
•/o i=1 

Consider 



w 2 )el 3 xfi ? xn w xn„|| logW(x + B B )diV s > -00 J . (3.1J 



Notice that by the definition (x, cu, Wi, cu 2 ) G ^ c if and only if there exists r such that 

(1) < r < t < TtM 

(2) s h-> iV s is discontinuous at s = r 

(3) 6i(S r (w)) = b 2 {B r (uj)) = 0. 

Lemma 3.7 For every (x, w, 002) £ ^ c we have 



lim 

e->0 



X* log(-Xe^od(-B s ,^-))dAT s 



0. 



Proof. We have \e& ' i°s(-x«tfod(fl..«.-))«w. | < e V io g (w(.B s )+ £ )<ZAr a _ observe that 



/ ' log(W(B fl ) + 5)diV s = ^ log(W(B r .) + e). 
Jo j=1 
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Since (x,cu,cui,cu2) € there exists an r« such that bi(B r .(u)) = b2(B Ti (u)) = 0. Then 
/ \og(W(B s ) + e)dN s = V log(W(5 rj ) + e) + log e, 



and e-^* iog(w(s.)+e)cUV. < e E"iog(H/(B rj )+e) e io g ^ Thug 



lim l °s(w(B a )+e)dN a i _ Q 

£->0 



and the lemma follows. 



qed 



Theorem 3.8 (Feynman-Kac formula: magnetic field with zeros) Let Assump- 
tions \2.1] and\KM hold, and suppose that V is relatively bounded with respect to ^/—A + m 2 
with a relative bound strictly less than 1. Let W be given by j\3.18\) . Then 



(f,e 



-t(H+V) 



Q = l,2 



dxE 



x,a,0 



y- 



(3.19) 



Proof. Put V = and fix e > 0. We can show that the functional integral representation 
of H £ is given by ( 13. 14ft with 5? replaced by S^a + ^s(^) with 



-U d (B s , 9 s )ds + / log (- X eU od (B s , 6.-)) dN s . 

JO 



That is, 



a=l,2 



(f,e- tH *g)=J2 / dxW ' a '° U Tt f(Qo)g(qt)e 



Take the limit e j. on both sides above. This gives 

limexp (—tH e ) = exp (—tH) 



(3.20) 



(3.21) 



(3.22) 



in strong sense, obtained in the same way as Lemma I3.4L On the other hand, by the 
Lebesgue dominated convergence theorem it follows that 



lim / dxE x ' a '° 



e Tt f(qo)g(qt)e 



yA+y s (e) 



dxE x ' a '° 



lime t f(q )g(qt)e 



By Lemma [3.71 we find that lim e _>.o J^s (e) = on W and hence 

lime y A +y s (e) = lime .y A +.y s (,) 1 , i ime ^A+^ s ( e ) 1 = e ^+y s , . 



e4-0 



£4,0 
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Next suppose that V G L°°(IR 3 ) D C(IR 3 ). In this case we can show the theorem in the 
same way as in Step 3 in the proof of Theorem 13.61 Furthermore, the theorem holds for 
the required V in the same way as in Steps 4 and 5 above. qed 

A diamagnetic inequality follows immediately from Theorem 13.81 Recall that is 
defined by H with b replaced by b = (y^f + 6f, 0, b 3 ) and a by zero, respectively. 

Corollary 3.9 (Energy comparison inequality) Under the assumptions of Theorem \3.8i 

we have 

|(/,e-^ + ^)|<(|/|,e-^o+^)|^|). (3.23) 
In particular, it follows that inf Spec(H bo + V) < inf Spec(if + V). 



4 Fall-off of bound states 



4.1 Martingale properties: non-relativistic case 

In this section we prove the decay properties of bound states of relativistic Schrodinger 
operators with spin by means of the Feynman-Kac formula derived in the previous section. 
For simplicity we assume throughout that 



E' 



,r,0 
Pxv 



\ogW(B a )\ds 



< oo, a.e. x G 



(4.1) 



We first consider the non-relativistic case. Let i^NR be the Hamiltonian defined by 

#nr = h + V, (4.2) 



where h is given by (12. 3p . Let be defined by the exponent 5? with the subordinator 
T t replaced by the non-random time t. If Assumptions 12 . 1 1 and 12.21 hold and V is relatively 
bounded with respect to —A with a relative bound strictly smaller than 1, then h + V is 
self-adjoint on D(—A). Then the Feynman-Kac formula of (/, e~^ h+v ^g) is given by 



(f,e 



-t(h+V) t 



E 

a=l,2 



dxE 1 



t f(B ,6 Q )g(B u e t )e^ 



(4.3) 



where the exponent ^r. = ^§rv + ^sra + ^irs is given by 



-5&RA 
=-^NRS : 



- / V(B s )ds, 







\ I a(B s ) o dB s 
'o 

-t 



[ U d (B s , 9 s )ds + f + log (-U od (B s , -9.-)) dN s . 
Jo Jo 
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Let (p s be a bound state such that H^ip g = E(p g with E G IR. We consider the spatial 
decay of \ f g (x, (— l) a )|, i.e., its behavior for large |x|. Define the stochastic process (M t ) t > 



by 

and the filtration 
Note that e _ * (HNB - _i5 Vg 

by g3]). We write 



M t = e t{E+1) e^ g (B t ,9 t ), t>0, 



t — a((B r , 9 r ), <r <i), t > 0. 
and then 

E^[M f ] = y? g (x,(-ir) 



(4.4) 



PV PV 

- / V{B r )dr - i / a(B r ) o dB r 

J u J u 

PV PV — 

+ / U d (B r ,e r )dr+ / \og(-U od (B T ,-6 r _))dN r 



for notational convenience. 

Lemma 4.1 The stochastic process (M t ) t > is martingale with respect to the filtration 
(^t)t>o- 

Proof. We see that 

By the Markov property of the stochastic process (B t , N t )t>o, we obtain that 

_ ^B 3 ,N S [ e -f*- 3 V(B r )dr e -if* ) - s a(B r )odB r 

xe S t ~ S U d {BrA)dr e p-\og{-U od (B r - s -e {r _ a) _))dN r ^^ Bt ^^Q t ^^ 

The off-diagonal part in (14. 5p is identical with 

log(-t/od(-B r _ s , -9 ir _ s y))dN r = log(-C/ od (S u _ s , -0( u _ s )_)) 



(4.5) 



s<u<i, 



£ log(-C/ od (5 u ,-0 u _))- 



0<u<t — s, 
W s+u -iV s ^iV (a+t , ) _-JV 3 



1(3 



Note that since the Poisson process (N t )t>o is stationary, i.e., N s+U — N s = N u , the factor 
involving f log(—U <i(B r - s , —9^ r _ s y))dN r in (14.51) can be replaced by 



iog(-u od (B u ,-e u _)) = 




log(-U od (B r ,-9 r _))dN r . 



Hence we conclude that 

W ^ e ^A)^ BtA) \jz s] = E B '> N °[e^°> t -*\ g (B t _ s ,O t -s)] 
which implies that 

E x > a [M t \^ s ] = e s ^ +1 )e^ R([0 ' s]) E^' 7Vs [M t _ s ] = M s . 

4.2 Martingale properties: relativistic case 

Next we discuss the relativistic case H + V. Let ip g be a bound state of H + V such that 

(H + V)<p B = E<p g (4.6) 

for E G M. We use the same notation (p g as for the non-relativistic case. Consider the 
stochastic process (Y t ) t >o 

Y t = e tE e Tt e y <p g {q t ), t > 0. (4.7) 

We introduce a filtration under which (Y t )t>o is a martingale. Define Y t (u) for every 
uj G Q v by Y t with subordinator T t replaced by the number T t (u) > 0. Let 

= a((B r ,N r ),0< r < T t (u)) G & P x ^ (4.8) 

for to G Q u and define 




We also define 




and write 

& t = JfW n i^ (2 \ t > 0. (4.11) 

The conditional expectation E x,Q ' [Y't|#' <; < ' 1 ^ = E I,a ' [lt| t ^P^](-, •, •) is a stochastic process 
on Qp x Qn x Vty. 
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Lemma 4.2 We have E x ' a '°[Y t \J?^](- , = E x > a [Y t (u)\^ l) {u)}{-, ■) for all u G Q p 



Proof. Let A = \J n (A(u),u) with A(u) e ^fV)- Then 



W^\l A Y t ] = [ du{u)W> a [l A(!a) Y t (u,)] 



On the other hand we have 



E x ' a '°[l A Y t ] = E x ' a '°[l A E x ' a '°[Y t \^ t {1) ]} 

^)E s ' a [lAM(v)E x ' Q '°[lt|^ (1) ](v^)]]- 

A comparison of the two sides above completes the proof. qed 

Lemma 4.3 The stochastic process (Y t ) t > is a martingale with respect to the filtration 
(<^t)t>o- 

Proof. Note that E x ^[Y t \^ s ] = E x ' a >°[Y t \3?P n ^i 2) ] = E x > a ' [E x ' a >°[Y t \J?P)\3?P). 
We first compute E x ^°[Y t (u)\^ l) {u)}. Write 

rv rT v 

S?{[u,v\)= - V(B Tr )dr-i a(B r )odB r 

Ju Jt u 

- r U d (B r ,e r )dr+ log(-U od (B r ,e r ^))dr 

and, for every oj G Cl u 



rT v (uj) 

S?([u,v],u)= I V(B Tr{L0) )dr-i I a(B r )odB r 

>T u (lu) 

"T v (u) i*T v {u) 



/ U d (B r ,9 r )dr+ / \og(-U od (B r ,6 r _))dr 



>T u {uj) JT u (lo) 

and qtioj) = {B Tt ^, #T t (<*;))■ Since T t (oS) is non-random, we can see in a similar way to the 
non-relativistic case that 

= e ^ e T*M e ^(M^) E x,«[ e ^([M],«)^ g ( ft ( w ))|jr(i)( w )] 



x e" u d( fl r-T J H,9r-T. M )* e ; ! ^g ) ) iog(-u od (B T _ Ts{u) ,e (r _ Ts(aj)) _))dN r 

18 



Hence 



W> a [Y t \& 



e tE e Ts e y([o,s ])Zt ^ 



where 



Zf s = e Tt-Ts E B Ta ,N Ts j e - £ V(B Tr -T s )* e -i j£« a(B r _ Ts ) 



odB r 



e - It* Ud(B r - Ts A-Ts )dr e J T l log(-C/ od (B r _ Ts ,J (r _ T .)-))<W r ? #T t -T s )] . 



X 



Take the conditional expectation of the right hand side above with respect to &l . Since 
e tE e T Be ,y([o,s]) - g measurable with respect to ^s 2 \ we consider the conditional expectation 
of Z t s giving 



E, 



e T t - s -T OE B To ,N To 



-I*V(B Tr _ s _ To )dr p -il^- s T °a{B r )odB r 



xe" 



Jo 



-T 



U d (B r ,e r )dr e f 



T t-s~ T 



log(-U od (Br,9r-))dN r . 



-T ,O Tt _ s -T 0j 



E 



B Ts ,N T . ,0 



3 T t _ Se - J^ 3 y(B Tr )dr e -i/ *- a(B r )odB r 
xe -/ Ti " S f/d(BrA)^ e / Tt - s M-fodCBr^r-))^^ 

Hence we conclude that 

W> a >°[Y t \& s \ = e sE e Ts e y « '*(e-( i -^^- E Vg)(? s ) = Y. 
and the lemma follows. 



qed 



4.3 Upper estimates on bound states 

We will use the following conditions. 
Assumption 4.4 The following properties hold: 

(1) b 3 E L°° and W = yjb\ + b\ e L°°. 

(2) Set m» = 1 1 & 3 1 1 oo + ||W||oo; and m * < m 2 /2. 

(3) V is relativistic Kato class, i.e., 



lim sup E x '° 



V(B Tr )dr 



(4.12) 
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Lemma 4.5 If Assumption \4^\ holds, then (p g G L 



and 



,(tAr)B - / tAT V(Sr r )*jT WT m, 



IIV. 



glloo 



/or e^ery stopping time r with respect to (J^t)t>o an d t > 0. 
Proof. Notice that by the martingale property of Y t , 

¥ > g (x,(-l) a )=E^°[Y tAT ] 
for every stopping time r and t > 0. Then Schwarz inequality yields that 

|^ g (x,(-l) a )| < e^E^'° LT te -/ V(BTjdr e |/ r M63(BOMr e |/ r *log|^( Br )l^|^ g ( gt )| 



(4.13) 



(4.14) 



^ e N Tt \o S W^ = e IiCW-l). 



Here we used that 
Note that 



where p t (s 



E' w0 [b g (fc)| a 
te tm 



cfaftCs) / n.(y)dyJ]W af + ^ (-l) a+n ) l 2 - e_S ' 



n=0 



e 2( s +m s ) denotes the distribution of subordinator T*. Since 



„7J 

£ \<p g (x + y, (-l) a+ ")| 2 -e- s < |^ g (x + y, 1)| 2 + |^ g (x + y, -l)| s 



n=0 

we obtain 



E s,a '>s(ft)l' 

/» /*oo 

< dy dsp t (s)U s (y)(\<p g (x + y,l)\ 2 + \<p g (x + y,-l)\ 2 ) 



dy(\ip s (x + y, 1)| 2 + |</? g (x + y, -1)| 2 )tt- 



xZ 2 ) 



d2/i 2 +t 2 ) 2 y 



with a constant C t . Furthermore, let m /(2m*) > g > 1 and - + - = 1. Then we get 
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The first term at the right hand side above satisfies that 

sup w fi [e~ 2p ^ v{BT - )dr } l/p < oo 

since V is of relativistic Kato class, and 

poo 4-pVixt 2 / 

E 0j- e 2T t m,j _ / e 2 S m»_^ =e -l(LWs) ( | s = e +t(m- y/ m? -2qm*) 

JO V27TS 3 

Then tp g £ L°°(M 3 ), and follows from (Q3jl and 



< oo. 



|^ g (x,(-l) Q )| < e (tAT)£ E l >° 



glloo- 



(4.15) 



(4.16) 



qed 



4.4 Decay of bound states: the case V — > oo 

In this subsection we show spatial exponential decay of bound states of H + V at infinity. 



Lemma 4.6 Let t r = inf{t||5y t | > R}. Then tr is a stopping time with respect to the 
filtration (^ t )t>o- 

Proof. It suffices to show that {r R <t}e Notice that 

{r R <t}= |J (A(u),u), 



where A(u) = {oo' £ Q P \ sup„<,< t \B Ts{w) (oj')\ > R} £ ^ (1) (w). Thus {r H < t} £ J? 1 
Moreover 

where B(oj) = {u/ £ Q u \ sup 0<s<i \B Ts (u>i)(u)\ > R}. Therefore {t r < t} £ ^ t (2) . qed 



Theorem 4.7 If Assumption 4-4 holds and 



lim V(x) = oo, 

then for every a > t/iere exists b > siic/j t/iat 

|p g (s,(-l) a )|<te- a|a!| . 



(4.17) 



(4.18) 
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Proof. We have by Lemma 1431 that 

i^ g (x, (-im < e*-° 

Let W{x) = w£{V(y)\\x — y\ < R}, and notice that 



e 2(tAr R )E e -2C T KV(B Tr )dr 



1/2 E X >° [e m * Tt ^] 1/2 y 



g||oo- 



lim W(x) — E — oo. 

\x\— >oo 

In particular, we may assume that W(x) — E > 0. This gives 

E x,0 l2(tAr R )E e -2f^ T RV(B Tr )dr'] 1/2 
< E°'° [ e -2(*Ar ii )(W(a : )-B)j 1 / 2 



(4.19) 



< E°<° [l {TR<ty e-^ tAr ^ w ^- E ^ 1/2 + E°'° [l {TR > t} e- 2 ^ tAT ^ w ^- E) } 1/2 
<E°<° [l {TR<t} ] 1/2 + e-^ w ^- E \ 



We see that 



[W } ] V2 = E°'° l {suPo<s<t ,x. 



|-i?>0} 



1/2 



< E°'° [e^Po^tl^l-^)] 1 ^ (4.20) 



1 /2 

for any a > 0. It can be shown that |^e QSUPo < ii < t l Xs l] < C\e C2t for sufficiently small a, 
see [UMS90L Proposition II.5]. Hence E ' ^^}] 1 / 2 < e- aR l 2 C x e C2 \ and 



xJQ 



D 2(tAr R )E -2f* ATR V(B Tr )dr 



1/2 



(4.21) 



We also see that 

< E x '° [e m * Tt ] + E x '° [l {t >r R }e m * Tr «] 

< 2E X '° [e m * Tt ] , 

where we used that T TR < T t for r R < t. Thus we have 

jgz.O jg2m«T t AT H j V2 < ^2 e t(m-Vm 2 -2m,)/2 

by (I4TT6D . Hence by (Oil! and 



l¥>g(s, (-ir)l < V2 ( e -*(^W- E ) + e-^de^) e *(™-VSra;)/2||^ 



glloo- 



(4.22) 



(4.23) 



Notice that by inserting R = p\x\ with any < p < 1, H^(x) — i? — >• oo as \x\ — > oo. Thus 
substituting t = S\x\ for sufficiently small 5 > and i? = with some < p < 1, the 



theorem follows. 



qed 
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4.5 Decay of bound states: the case V — > 

In this subsection we consider the case of potentials decaying to zero as |x| — > oo. 



Theorem 4.8 Let Assumption hold and suppose that 

lim V{x) = 0. (4.24) 

|x|— >oo 

Also, assume that 

2\E\ >m - \Jm 2 -2m*. (4.25) 
Then there exist a, b > such that 

|^ g (x,(-l) Q )| < 6e" a|x| . (4.26) 

Proof. Define tr = inf{t, \Bx t \ < R}- Then tr is a stopping time, which can be seen in 
the same way as in Lemma 14.61 Thus 



(f s (x, ( — 1)")| < E X, ° e ^r R )E e -2f ^V(B Tr )dr ->- E x,0 [ e ™.T tATR yr' y 



1/2 



,0 [^TtArnl 1 / 2 



-g ||oo- 



Let e > be arbitrary. Then for sufficiently large R it follows that sup^^ [ V(ar) j < e by 
( H~24"l) . and we see that | J* Atr V{B Tr )dr\ < (t A r R )e. This gives 



\<p s (x, (-1) Q )| < Efe 2 ^)^)] 1 / 2 [e m * Tt ^] 1/2 II^IU 



Thus 



E[e 2(Mr fl )( S+£)] = E [l { ^ Tfl}e 2*(B +£ )] + E[l {t ^ TR} e 2T ^ E+ ^] 
< e nE+e) +Cie -m £ \ X \ 

by making use of |CMS90l (11.29) (11.22) and (IV.3)] as above, where m £ = m if 2\E\ > m 
and m £ = 2y/m\E\ - \E\ 2 if 2\E\ < m. Also, notice that E[e m * TtAT R] < 2e i(m - Vm2 - 2m * } . 
Therefore 

\<p s {x, (-1) Q )| < (e i(£+e) + C 1 e- mf|l|/2 )v / 2e t(m ^ m2 - 2m * )/2 . (4.27) 
On inserting t = 5|a;| with sufficiently small 5, the theorem follows. qed 



Acknowledgments: FH acknowledges support of Grant-in-Aid for Science Research (B) 
20340032 from JSPS and Grant-in-Aid for Challenging Exploratory Research 22654018 
from JSPS, and thanks the hospitality of ICMS Edinburgh, where part of this work was 
done. JL also thanks ICMS Edinburgh for a Research-in-Group grant allowing to complete 
the project of this paper. 



23 



References 



[ARS91] Dc Angclis, G. F., Rinaldi, A. and Serva, M.: Imaginary-time path integral for a rclativistic 
spin-(l/2) particle in a magnetic field, Europhys. Lett. 14 (1991), 95-100. 

[CMS90] Carmona, R., Masters, W. C. and Simon, B.: Relativistic Schrodinger operators: asymptotic 
behavior of the eigenfunctions, J. Fund. Anal. 91 (1990), 117-142. 

[HIL09] Hiroshima, F., Ichinose, T. and Lorinczi, J.: Path integral representation for Schrodinger oper- 
ator with Bernstein function of the Laplacian, arXiv:0906.0103, 2009, submitted for publication. 

[HL08] Hiroshima, F. and Lorinczi, J.: Functional integral representation of the Pauli-Ficrz model with 
spin 1/2, J. Fund. Anal. 254 (2008), 2127-2185. 

[ITsu93] Ichinose, T. and Tsuchida,T.: On essential selfadjointness of the Weyl quantized relativistic 
Hamiltonian, Forum Math. 5 (1993), 539-559. 

[LS81] Leinfelder, H. and Simader, C.G.: Schrodinger operators with singular magnetic potentials, Math. 
Z. 176 (1981), 1-19. 

[LHB09] Lorinczi, J., Hiroshima, F. and Betz, V.: Feynman-Kac-Type Theorems and Gibbs Measures on 
Path Space. With Applications to Rigorous Quantum Field Theory, De Gruyter Studies in Mathe- 
matics 34, 2011. 



21 



